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Section 2.4 - The Derivative as a Function

Derivatives and the Information They Provide

Knowing information about the first and second derivatives of a function can tell you a lot
of information.

If f ′(x) > 0 on an interval, then f is increasing on that interval.
If f ′(x) < 0 on an interval, then f is decreasing on that interval.
If f ′′(x) > 0 on an interval, then f is concave up on that interval.
If f ′′(x) < 0 on an interval, then f is concave down on that interval.

Other consequences:
If f ′(a) = 0, then f has a possible local minimum or local maximum at a.
If f ′′(a) = 0, then f has a possible inflection point at a. (An inflection point is a point
where the concavity changes.)
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Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

Suppose we have the function f (x) = c.

Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

c − c
h

= lim
h→0

0 = 0

This means that the derivative of any constant function is zero. That is

Property

d
dx

[c] = 0
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Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

Suppose now we have the function f (x) = x .
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Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

Continuing with powers of x , take f (x) = x2.

Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)2 − x2

h

= lim
h→0

x2 + 2xh + h2 − x2

h
= lim

h→0

2xh + h2

h
= lim

h→0
(2x + h) = 2x

So,

Property

d
dx

[x2] = 2x
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Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3.

Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h

= lim
h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h

= lim
h→0

(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2)

= 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Working Toward an Easier Path

One more, for good measure: f (x) = x3. Then

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

(x + h)3 − x3

h

= lim
h→0

x3 + 3x2h + 3xh2 + h3 − h2

h
= lim

h→0

3x2h + 3xh2 + h3

h
= lim

h→0
(3x2 + 3xh + h2) = 3x2

Property

d
dx

[x3] = 3x2

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 6 / 10



Section 3.1 - Shortcuts to Finding Derivatives

The General Rule for Powers of x

In general, following the emerging pattern here we end up with the following result

Theorem (Power Rule)

d
dx

[xn] = nxn−1

Example

Compute the derivative of the following functions:

1 f (x) = x7

2 g(q) =
√

q

3 f (x) =
1
x3

4 h(t) = 19

5 f (x) = 5
√

x

6 w(z) =
1√
z

7 g(t) =
1

7
√

x12
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2 g(q) =
√

q

3 f (x) =
1
x3

4 h(t) = 19

5 f (x) = 5
√

x

6 w(z) =
1√
z

7 g(t) =
1

7
√

x12
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Section 3.1 - Shortcuts to Finding Derivatives

Constant Multiple Rule

Theorem

Let c be a real number,
d
dx

[cf (x)] = cf ′(x).

Example

Compute the derivative of the following functions:

1 f (x) = 9x4

2 g(q) = 3
√

q

3 f (x) = 9 3
√

x

4 w(z) =
4
z3
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Section 3.1 - Shortcuts to Finding Derivatives

Derivatives of Sums and Differences

Theorem

d
dx

[f (x) + g(x)] = f ′(x) + g′(x)

d
dx

[f (x)− g(x)] = f ′(x)− g′(x)

Example

Compute the derivative of the following functions:

1 f (x) = 7
4x2 − 3x + 12

2 g(x) = x5/3 − x2/3

3 f (x) = x5 − 2x3 + x − 1
4 w(z) = 2x − 5x3/4
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Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1

= ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10



Section 3.1 - Shortcuts to Finding Derivatives

Derivative of the Exponential Function

Definition

e is the number such that

lim
h→0

eh − 1
h

= 1.

If f (x) = ex , then we have

f ′(x) = lim
h→0

f (x + h)− f (x)
h

= lim
h→0

ex+h − ex

h

= lim
h→0

ex(eh − 1)
h

= ex lim
h→0

eh − 1
h

= ex · 1 = ex

Property

d
dx

[ex ] = ex

Math 130 - Essentials of Calculus Computing Derivatives 7 October 2019 10 / 10


	Section 2.4 - The Derivative as a Function
	Section 3.1 - Shortcuts to Finding Derivatives

